
Electrodynamics Part I (50 pts)                                                      March/21/2025

1. Two long, cylindrical conductors of radii a1 and a2 are parallel and separated by a
distance d , which is large compared with either radius. Show that the capacitance
per unit length is given approximately by

c= π
ϵ0

( ln d
a )−1

where a is the geometrical mean of the two radii..[15pts]

2. The two-dimensional region, ρ ≥ a, 0 ≤ ϕ ≤ β, is bounded by conducting surfaces
at ϕ = 0, ρ = a, and ϕ = β held at zero potential, as indicated in Figure 2. At large ρ 
the potential is determined by some configuration of charges and/or conductors at 
fixed potentials.
(a) Write down a solution for the potential 
      Φ(ρ , ϕ ) that satisfies the boundary    
      conditions for finite ρ . [10pts]
(b) Keeping only the lowest non vanishing  
      terms, calculate the electric field 
      components Eρ and Eϕ and also the 
      surface-charge densities σ(ρ , 0), σ(ρ , β ), 
      and σ( a, ϕ ) on the three boundary 
      surfaces. [10pts]

                                                          Fig. 2

3. A long cylindrical shell of radius R carries a uniform surface charge σ0 on the 
upper half and an opposite charge −σ0 on the lower half (See Fig 3). Find the 
electric potential inside and outside the cylinder. [15 pts]         

                                                                                         Fig 3



March 21, 2025

Classical Electrodynamics Qualifying Exam–Part II (50 points)

(1) The Biot-Savart Law and magnetostatics:

d
−→
B (−→x )=

µ0

4π

i d~ℓ× (~x− ~ℓ)

||~x− ~ℓ||3
,

where ~ℓ is a source element and −→x is an observational point.

(a) A decrease in charges with time within volume V must correspond to a flow of changes
out through the boundary ∂V . Write down the continuity equation (charge conservations).

(b) Following from part (a), write down the conditions for magnetostatics.

(c) Compute the magnetic induction
−→
B (R) due to an infinite-long, straight wire which

carries currents i. Here R is the perpendicular distance to the long wire. You should use the
Biot-Savart law otherwise no credits would be assigned.

(d) Starting from the Biot-Savart law, re-write
−→
B (−→x ) =∇ × (). To reach this form, first

convert i d~ℓ to
∑

n qn~vn, insert 1=
∫

d3x′δ3(~x− ~x′), and then interchange the summation with

the integral so that you can recognize the current density ~J(−→x ′). () is called gauge potential
−→
A (−→x ). Express it in terms of some universal constants times integral which contains ~J(−→x ′).

(e) Compute
[−→
∇×(

−→
∇×

−→
A )

]i

to obtain the identity using the Einstein notation. Treat
−→
A

as an arbitrary vector without substituting it from part (d).
• The Einstein notation means “summing over the repeated indices”. One example is

[−→
∇×(

−→
∇C)

]i

=

j=3
∑

j=1

k=3
∑

k=1

ǫijk
∂

∂xj

( ∂

∂xk
C
)

≡ǫijk
∂

∂xj

( ∂

∂xk
C
)

= 0 .

The quantity is zero due to the anti-symmetric tensor ǫijk multiplied by the symmetric
tensor ∂

∂xj
∂

∂xk .

• ǫijkǫkℓm=δiℓδjm − δimδjℓ.

(f) Compute
−→
∇·

−→
A by substituting

−→
A from part (d).

(g) Compute −∇2
−→
A by substituting

−→
A from part (d).

(h) Derive one of the Maxwell equation for magnetostatics by combining (d) with (e), (f)
(g).

(i) Obtain the equation for the gauge potential by imposing Coulomb gauge on the Maxwell
equation from part (h).

(j) Is Coulomb gauge a consistent and convenient gauge choice for the Biot-Savart Law?
Give your reason for full credits.

(k) Under the following transformation
−→
A −→

−→
A ′=

−→
A+

−→
∇θ(−→x ) ,

if one would like to maintain in the same Coulomb gauge, an appropriate θ(−→x ) must be

choose. Find θ(−→x ) in terms of an integral which contains
−→
A (−→x ′).

(2) Materials, magnetization
−→
M , magnetic induction

−→
B , magnetic field

−→
H , and free current

density
−→
J .



(a) Is the relation
−→
B = µ

−→
H valid for paramagnetic, diamagnetic, ferromagnetic materials?

Give your reasions for full credits.

(b) Write down two of Maxwell equations for describing how materials respond to a static

external magnetic induction. Also write down the relation among
−→
B ,

−→
H and

−→
M which is true

for all different kinds of materials.

(c) When free current density
−→
J vanishes, it is much easier to solve a problem through

a magnetic scalar potential ΦM than
−→
A . Use the three equations from part (b) to express a

magnetic scalar potential ΦM in terms of an integral which contains
−→
M(−→x ′).

(d) A uniformly magnetized sphere of radiusR with a given intrinsic magnetization
−→
M(−→x ′)=

θ(R− r′)M0ẑ
′. Staring from the expression in part (c), find the following quantities inside and

outside the sphere (ΦM)in, (ΦM)out,
−→
B in and

−→
B out.

•
1

||~x− ~x′||
=
∑

ℓ

∑

m

4π

2ℓ+ 1

rℓ<

rℓ+1
>

yℓm(θ, φ) y
∗

ℓm(θ
′, φ′).

• y10(θ
′, φ′)=

√

3

4π
cos(θ′).



  

Classical Electrodynamics –  Part III  (50 points)       2025- 3-21                 
 
 
1. [15 points] Linearly polarized light of the form 𝐸𝐸𝑥𝑥(𝑧𝑧, 𝑡𝑡) = 𝐸𝐸0𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) is incident normally onto 

a material which has index of refraction 𝑛𝑛𝑅𝑅 for right-hand circularly polarized light and 𝑛𝑛𝐿𝐿 for 
left-hand circularly polarized light. Use Maxwell’s equations calculate the intensity and 
polarization of the reflected light. 

 
 

2. [10 points] What is the attenuation distance for a plane wave propagating in a good conductor? 
Express your answer in terms of the conductivity 𝜎𝜎, permeability 𝜇𝜇, and frequency 𝜔𝜔. 

  
 
3. [25 points] A waveguide is made of two perfectly conducting coaxial cylinders which have inner 

radius 𝑟𝑟1 and outer radius 𝑟𝑟2 with the radiation propagating in the space between them. 
(a) Show that it is possible to have a mode in which both the electric and magnetic fields are 

perpendicular to the axis of the cylinders. Describe the TEM mode.  (12 points) 
(b) Is there a cutoff frequency for this mode?  (3 points) 
(c) Calculate the velocity of propagation of this mode and the time-averaged power flow along 

the line.  (10 points) 
 
 

 



  

Classical Electrodynamics Qualifying Exam – Part I  (50 points) 
2024-10-18                 

 
 
1. [15 points] An amount of charge 𝑄𝑄 is uniformly spread out in a layer on the surface of a disc of 

radius 𝑅𝑅. 
(a) Use elementary methods based on the azimuthal symmetry of the charge distribution to find 
the potential at any point on the axis of symmetry. (6 points) 
(b) With the aid of (a) find an expression for the potential at any point 𝑟𝑟 (|𝑟𝑟| > 𝑅𝑅) as an 
expansion in Legendre polynomials. (9 points) 

 
 

2. [15%] A perfectly conducting sphere of radius 𝑅𝑅 is placed in a uniform electric field pointing in 

the 𝑧𝑧-direction 𝐸𝐸�⃗ = 𝐸𝐸0𝑘𝑘� .  
(a) What is the surface charge density on the sphere?  (8 points) 
(b) What is the induced dipole moment of the sphere?  (7 points) 

 
 
3. [12%] A cylindrical capacitor has an inner conductor of radius 𝑟𝑟1 and an outer conductor of 

radius 𝑟𝑟2. The outer conductor is grounded and the inner conductor is charged so as to have a 
positive potential 𝑉𝑉0. In terms of 𝑉𝑉0,  𝑟𝑟1, and 𝑟𝑟2, 
(a) What is the potential at 𝑟𝑟 ? (𝑟𝑟1 < 𝑟𝑟 < 𝑟𝑟2) (6 points) 
(b) If a small negative charge 𝑄𝑄 which is initially at 𝑟𝑟 drifts to 𝑟𝑟1, by how much does the 

charge on the inner conductor change?  (6 points) 
 
 
4. [8%] Two similar charges are placed at a distance 2𝑑𝑑 apart. Find, approximately, the minimum 

radius 𝑟𝑟 of a grounded conducting sphere placed midway between them that would neutralize 
their mutual repulsion.  



Electrodynamics Part II (50 pts)                                                      October/18/2024

1. A right-circular solenoid of finite length L and radius a has N turns per unit 
length and carries a current I. Show that the magnetic induction on the cylinder axis

in the limit N L  ∞ is Bz=
μ0 N I

2
(cos θ1+cosθ2) where the angles are defined in

Figure 1.[15pts]

                                    Fig 1

2. A sphere of radius a carries a uniform surface-charge distribution σ. The sphere 
is rotated about a diameter with constant angular velocity ω. Find the vector 
potential and magnetic-flux density both inside and outside the sphere. [20pts] 

3. A sphere of linear magnetic material with μ, and of radius R, is
placed in an otherwise uniform magnetic field B0=B0 ẑ , as shown
in Fig 3. Find the new field B inside and outside the sphere. [15 pts] 

                                                                                                                            Fig 3



October 18, 2024

Classical Electrodynamics Qualifying Exam–Part III (50 points)

(1) Maxwell equations and dimensions of physical quantities which should be expressed in terms
of the combinations of q (charge), m (mass), ℓ (length) and t (time).

(a) A particle of charge q moving with velocity v in an electrical field
−→
E and a magnetic

induction
−→
B experiences a “lorentz force”. Write down the Lorentz force law.

(b) Find the dimensions of
−→
E and

−→
B from the Lorentz force law.

(c) Write down the relation between a time-independent magnetic field
−→
H and a static

current density ~J .

(d) Find the dimension of
−→
H according to the relation in part (c).

(e) Write down the relation between a time-independent electric displacement
−→
D and a

static charge density ρ.

(f) Find the dimension of
−→
D according to the relation in part (e).

(g) Find the dimensions of electric permittivity ǫ0 and magnetic permeability µ0 in vacuum

through the constitutive relations (the relations which connect
−→
D with

−→
E and

−→
B with

−→
H ).

(h) Show that the four first-order Maxwell equations can be reduced to the two 2nd-order

equations in terms of fields, �
−→
E =−µ0

~̇J −
−→
∇ρ

ǫ0
, �

−→
B = µ0

−→
∇× ~J , where �≡

1
c2

∂2

∂t2
−∇

2.

(i) Suppose that the fields of
−→
E and

−→
B are time dependent. Find

−→
E and

−→
B in terms of

scalar potential φ and vector potential
−→
A using Maxwell equations.

(j) Show that
−→
E and

−→
B are unchanged under the gauge transformations.

(k) Show that the two 2nd-order equations in terms of potentials can be obtained from

Maxwell equations when imposing Lorentz gauge, �
−→
A=µ0

~J , �φ= ρ

ǫ0
, where �≡

1
c2

∂2

∂t2
−∇

2.

(2) A localized electric charge distribution produces an electrostatic field,
−→
E =−

−→
∇Φ. In this

region, it also exists a small localized time-independent current density ~J(−→x ), which generates

a magnetic field
−→
H .

(a) Show that the momentum of these EM fields,
−→
P ≡

∫
d3x[

−→
D ×

−→
B ], can be transformed

to
−→
P = 1

c2

∫
d3xΦ ~J by dropping the surface term.

• ǫijk( ∂
∂xjA)B

k = ǫijk ∂
∂xj [AB

k]− ǫijkA ∂
∂xjB

k.

(b) Justify in which situation you can ignore the surface term in part (a).

(c) Assuming that the current distribution is localized to a region small compared to the

scale of the variation of the electric field, that is, using Φ=Φ0 −
−→
E 0 ·

−→x . Show
−→
P = 1

c2

−→
E 0 ×

−→m,
where −→m is a magnetic dipole moment.

• localized source =⇒
∫
d3xJ i(−→x ) = 0,

∫
d3x[xkJ ℓ(−→x ) + xℓJk(−→x )] = 0.

• ǫijkǫkℓm = δiℓδjm − δimδjℓ.

(d) Suppose the current distribution is placed instead in a uniform electric field
−→
E 0 (filling

all space). Show that the result in (c) is changed by a surface integral contribution, yielding to
−→
P = 2

3c2

−→
E 0 ×

−→m.

•
∫
dΩ r̂i = 0,

∫
dΩ r̂ir̂j = 4π

3
δij,

∫
dΩ r̂ir̂j r̂k = 0,

−→
H dipole=

1
4π

3r̂(r̂·−→m)−−→m

r3
+ 2

3
−→mδ3(−→r ).



  

Classical Electrodynamics Qualifying Exam – Part I  (50 points) 
2024-03-15                 

 
 
1. [12 points] A static electric charge is distributed in a spherical shell of inner radius 𝑅𝑅1 and outer 

radius 𝑅𝑅2. The electric charge density is given by 𝜌𝜌(𝑟𝑟) = 𝑎𝑎 + 𝑏𝑏𝑏𝑏, where 𝑟𝑟 is the distance 
from the center, and zero everywhere else.   
(a) Find an expression for the electric field everywhere in terms of 𝑟𝑟.  (6 points) 
(b) Find expressions for the electric potential and energy density for 𝑟𝑟 < 𝑅𝑅1. Take the potential 

to be zero at 𝑟𝑟 → ∞.  (6 points) 
 

2. [13%] Find the potential energy of a point charge 𝑄𝑄 in vacuum a distance 𝑑𝑑 away from a 
semi-infinite dielectric medium whose dielectric constant is κ.  (13 points) 

 
3. [25%] If the potential of a spherical shell with radius 𝑅𝑅 of zero thickness depends only on the 

polar angle 𝜃𝜃 and is given by 𝑉𝑉(𝜃𝜃), inside and outside the sphere there being empty space,  
(a) Show how to obtain expressions for the potential 𝑉𝑉(𝑟𝑟,𝜃𝜃) inside and outside the sphere 

and how to obtain an expression for the electric sources on the sphere.  (15 points) 
(b) Solve with 𝑉𝑉(𝜃𝜃) = 𝑉𝑉0𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃.   (10 points) 

The first few of the Legendre polynomials are given as follows: 

𝑃𝑃0(𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃) = 1,   𝑃𝑃1(𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃) = 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 , 𝑃𝑃2(𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃) =
1
2

(3𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 − 1) 

We also have  

∫ 𝑃𝑃𝑛𝑛(cos 𝜃𝜃)𝑃𝑃𝑚𝑚(cos 𝜃𝜃) sin𝜃𝜃 𝑑𝑑𝜃𝜃 = 2𝛿𝛿𝑛𝑛𝑛𝑛
2𝑛𝑛+1

𝜋𝜋
0 . 

 
 
 
 



Electrodynamics Part II (50 pts)                                                      March/15/2024

1. A long coaxial cable carries current I (the current flows down uniformly inside  
the inner cylinder of radius a, and back along the surface of the outer cylinder of  
radius b) as in Fig. I. Find the magnetic energy in a section of length ℓ. [15pt]

Fig 1

2. Consider an infinitely long cylindrical conductor of radius a, with a constant 
current I flowing in uniformly. 
(a) Find the magnetic vector potential [10pts]
(b) and the corresponding magnetic field [10pts]

3. A toroidal coil has N turns, a mean radius b, and a circular cross section of radius 
a, as shown in Fig III. Show that its inductance is L=μ0 N

2
(b−√b2

−a2
) . [15 pts]

Hint: ∫
0

π sin2
ϕ dϕ

1+β cosϕ
=
π

β
2 (1−√1−β

2
)



2024-03-15



October 13, 2023

Classical Electrodynamics Qualifying Exam–Part I (50 points)

(1) Consider a point charge q located at position −→y inside a hallow, grounded, conducting
sphere of radius a [25pts].

(a) Write down the potential and Green function inside the sphere. You do not need to derive
it.

(b) Compute the induced surface charge density.

(c) Compute the induced charge on the sphere from part (b).

(d) Find the force acting on the point charge q (including magnitude and direction).

(e) If the boundary condition is changed from the grounded sphere to having a fixed potential
V on the sphere, what are the change of the potential ∆Φ, the change of the surface charge
density ∆σ and the change of the force ∆

−→
F on the point charge q?

(2) The potential on the z=0 plane is specified to be Φ=V inside a circle of radius a centered
at the origin, and Φ=0 outside a circle [25pts].

(a) Write down the Green function with Dirichlet boundary conditions for z ≥ 0 (express
the final result in terms of the observational point coordinates [ρ, φ, z] and the (image) charge
coordinates [ρ′, φ′, z′]).

(b) Find an integral expression for the potential at points z ≥0 in terms of cylindrical coor-
dinates (simplify the integral without performing it at this stage).

(c) Find the potential when the observation point on the ẑ axis (ρ=0).



Electrodynamics Part II (50 pts)                                                      October/13/2023

1. A long circular cylinder of radius R carries a magnetization
M=k s2

ϕ̂ where k is a constant, s is the distance from the
axis, and ϕ̂ is the usual azimuthal unit vector (Fig 1). Find the
magnetic field due to M, for points inside and outside the
cylinder. [20 pts]

                                                                                                                                 Fig 1

2. A cylindrical rod with radius b carries uniform
axial current density J=J ẑ . A cylindrical cavity
with radius a is hollowed out from the rod at an
arbitrary location, as shown in Fig. 2. Assume that
the current density in the remaining part stays the
same. Let d be the position of the center of the cavity
with respect to the center of the rod. Show that the
magnetic field inside the cylindrical cavity is uniform
in both magnitude and direction. [15 pts]

                                                                                                           Fig 2

3. Suppose E (r ,t )= 1
4πϵ0

q

r2 Θ(v t−r) r̂ , B(r ,0)=0, where Θ(x)≡[ 1 if x>0
0 if x≤0

,

the step function, and 
d Θ

d x
=δ (x) . Show that these fields satisfy all of Maxwell’s 

equations, and determine the charge density ρ(r,t) and the current density J(r,t). 
Describe the physical situation that gives rise to these fields. [15 pts]



October 13, 2023

Classical Electrodynamics Qualifying Exam–Part III (50 points)

(1) Transformation Properties of Electromagnetic Fields [15pts].

(a) Determine how polarization
−→
P , electric field

−→
E , magnetic induction

−→
B transform under

parity, and time reversal.

(b) Use spatial rotation, parity and time reversal to build the allowed model of polarization
1

ǫ0

−→
P which consists of

−→
E and

−→
B up to second time derivatives in total, maximally quadratic in

fields and no spatial derivatives involved (assume that the proportional scalar coefficients are
invariant under all transformations).

(2) Suppose a plane (interface) divides the whole space into half-infinite regions, medium 1 and
medium 2. A plane EM wave of angular frequency ω propagates from the medium 1 (perme-
ability µ, index of refraction n) with the angle of incidence i to the medium 2 (permeability
µ′, index of refraction n′). If the electric field polarization is perpendicular to the plane of
incidence, what fraction of the incident wave (electric field) is reflected [15pts]? Is it possible
to choose a special angle to make reflection vanish (you can make a following approximation
here, µ ∼ µ′) [5pts]?

• You need to use the relation between
−→
E and

−→
B of a plane wave, snell’s law, and the two

boundary conditions at the interface following from
−→
∇ ×

−→
E = −

−̇→
B ,

−→
∇ ×

−→
H = ǫ0

−̇→
E .

(3) Consider a plasma of elections of density N
e
(numbers per volume) under the assumption

that each electron feels the combination of the Lorentz force and the Abraham-Lorentz force,

−→
F AL=

2e2

3ǫ0c3

( d

dt

)3
−→x (t) .

What is the electric permittivity ǫ(ω) in the low frequency domain [15pts]?

• “low frequency domain” means that you can ignore the spatial variation in the phase of
a plane wave. You also can simplify the equation of motion by dropping one of a smaller term
from the Lorentz force contribution.



  

Classical Electrodynamics Qualifying Exam – Part I  (50 points) 
2023-03-17                 

 
 
1. [20 points] An amount of charge 𝑞𝑞 is uniformly spread out in a layer on the surface of a disc of 

radius 𝑅𝑅. 
(a) Use elementary methods based on the azimuthal symmetry of the charge distribution to 

find the potential at any point on the axis of symmetry.  (5 points) 
(b) With the aid of (a) find an expression for the potential at any point 𝒓𝒓�⃗   (|𝒓𝒓�⃗ | > 𝑅𝑅) as an 

expression in angular harmonics.  (15 points) 
 

2. [20%] A thin metallic sphere of radius 𝑅𝑅 has charge 𝑄𝑄. 
(a) What is the capacitance?  (5 points) 
(b) What is the energy density of the electric field at a distance 𝑟𝑟 (𝑟𝑟 > 𝑅𝑅) from the sphere’s 

center?  (5 points) 
(c) What is the total energy of the field?  (5 points) 
(d) A potential 𝑉𝑉 is established between the inner (radius 𝑅𝑅1) and outer (radius 𝑅𝑅) concentric 

thin metal spheres. What is the radius of the inner sphere such that the electric field near its 
surface is a minimum?  (5 points) 

 

3. [10%] Consider two electric dipoles 𝑷𝑷𝟏𝟏�����⃗  and 𝑷𝑷𝟐𝟐�����⃗  separated by a distance 𝑑𝑑. Find the force 
between them due to the electrostatic interaction between the two dipole moments, for 

arbitrary orientation of the direction of  𝑷𝑷𝟏𝟏�����⃗  and 𝑷𝑷𝟐𝟐�����⃗ . 
 
 
 
 



Electrodynamics Part II (50 pts)                                                         March/17/2023

1. (a) Find the vector potential a distance s from an infinite straight wire carrying a 
    current I. Check that ∇⋅A=0 and ∇×A=B . [10 pt]
    (b) Find the magnetic potential inside the wire, if it has radius R and the current  
    is uniformly distributed. [10 pts]

2. Consider an uniform surface current K ẑ over the (infinitely-
long) cylindrical surface s = a. Assume that the interior and exterior
space are both vacuum and the vacuum magnetic susceptibility is μ0.
(a) What is the direction of the magnetic force exerted on the surface
current? (in terms of ŝ , ϕ̂ , ẑ , or their linear combination.) [5pts]
(b) Find the magnetic field B for s > a and s < a. [5pts]
(c) Show that the magnitude of the magnetic force per unit area exerted  

      on the surface current is
1
2
μ0 K2 [10 pts]

3. A toroidal coil has N turns, a mean radius b, and a circular
cross section of radius a. Show that its inductance per unit
length is L=μ0 N 2

(b−√b2
−a2

) . [10 pts]





October 14, 2022

Classical Electrodynamics Qualifying Exam–Part I (50 points)

(1) Dimension (15 points): Express your results in terms of fundamental quantities–time “t”,
length “ℓ”, mass “m” and charge “q”.

(a) Find dimensions of the electric field
−→
E and the magnetic induction

−→
B by using the Lorentz

force law, −→
F =q

[−→
E+−→v ×−→

B
]
.

(b) Find dimensions of the electric displacement
−→
D and the magnetic field

−→
H by using some

of Maxwell equations.

(c) Find dimensions of the electric permittivity ϵ and the magnetic permeability µ by using
their respective constitutive relations,

−→
D=ϵ

−→
E ,

−→
B =µ

−→
H .

(2) Method of Images (20 points): Consider a point charge q located at position −→y inside a
hallow, grounded, conducting sphere of radius a.

(a) Find the image charge and its location (you do not need to derive them).

(b) Find the Dirichlet Green function GD(x; x
′) for the space inside a sphere.

(c) Compute the induced surface charge density σ.

(d) Compute the induced charge on the sphere.

(e) Find the force
−→
F acting on the point charge q (including magnitude and direction).

(f) If the boundary condition is changed from the grounded sphere to having a total charge
Q on the sphere, what are the change of the potential ∆Φ, the change of the surface charge
density ∆σ and the change of the force ∆

−→
F on the point charge q?

(g) Find ∆Φ, ∆σ and ∆
−→
F if the boundary condition is changed from the grounded sphere to

having a fixed potential V on the sphere.

(3) Green Functions (15 points): The Green function G(x, y; x′, y′) appropriate for Dirichlet
boundary conditions in a square two-dimensional region, 0≤x≤1, 0≤y≤1 has an expansion,

G(x, y; x′, y′)=
n=∞∑
n=1

un(x)u
∗
n(x

′)gn(y, y
′) , un(x) is an appropriate orthogonal basis .

(a) Show gn(y, y
′) obeys the following equation,[

∂2

∂y2
−(nπ)2

]
gn(y, y

′)=−4πδ(y − y′) .

(b) Solve for gn(y, y
′) using appropriate boundary conditions and obtain G(x, y; x′, y′).



Classical Electrodynamics

Part II (50 points)

1. (10 points) What is Lorentz force? Write down the equation and explain the meaning of the symbols.

2. (10 points) What is Biot-Savart law? Apply the law to find the magnetic field for a particular case at
your own choice.

3. (10 points) What is Ampère’s law? Apply the law to find the magnetic field for a particular case at your
own choice.

4. (10 points) Two point charges Q1 and Q2 move side by side at the same velocity in vacuum, as sketched
below:

Q1
v

Q2

v

r

Find the magnitude of the force between Q1 and Q2.

5. A charged particle moves at an initial velocity v = (v,0,0) in a constant magnetic field B = (0,0,−B)
with B > 0, as sketched below:

y

x�z

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

vq

(a) (1 point) If q > 0, make a qualitative sketch for the trajectory of the charged particle.

(b) (1 point) Do the same as (a) but with q < 0.

(c) (4 points) If a constant electric field E = (E,0,0) with E > 0 is applied in additional to the existing
B field, make a qualitative sketch for the trajectory of the particle, considering q > 0.

(d) (4 points) Do the same as (c) but considering q < 0.



成功大學物理研究所博士班 111 學年度上學期 [資格考試]  

Electrodynamics (Part III, 50 points) 2022-10-14 
 

1. The Maxwell equations can be rephrased as two equations, 

 
which contains all the information in Maxwell’s equations.   

(a) What is the gauge transformation? (10 points) 
(b) Show  that  in  the Lorentz gauge  the addressed  two equations  (※) can 

be  rephrased  in  the  form  of  two  independent  inhomogeneous wave 

equations. (10 points) 
 
 

2. (a) Write down Maxwell’s equations in media. (5 points) 
(b) Use Maxwell’s equations, derive  the boundary conditions  for E and B 

fields  of  electromagnetic  waves  across  the  boundary  between  two 

linear media  (electric permittivity:  1,  2,  electric permeability:  1,  2, 

respectively). (5 points) 
 
 

3. A monochromatic electromagnetic plane wave  is propagating  toward  the 

z‐direction  in a conductor, where  the polarization of  the electromagnetic 

plane wave is along x‐direction. The wave number of the plane wave in a 

conductor is a complex number, i.e.,                  .               

(a) Determine  the  amplitude  and  the phase  relation  between  the E‐field 

and the B‐field of the plane wave. (10 points) 
(b) Express  B‐field  of  the  plane  wave  by  the  E‐field  amplitude  E0  and 

E‐field phaseE. (10 points) 

 

ikk 
~



Classical Electrodynamics Part I (50 points) 
 

 

1. [15 points] A point charge q is at the center of an uncharged spherical conducting shell, of 

inner radius a and outer radius b. How much work would it take to move the charge out to 

infinity (through a tiny hole drilled in the shell)?  

 

2. [10 points] Find the general solution to Laplace’s equation in spherical coordinates, for the 

case where V depends only on r . (Hint: ∇ ⋅ 𝑉𝑉�⃗ = 1
𝑟𝑟2

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟2𝑉𝑉𝑟𝑟) + 1
𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑉𝑉𝜃𝜃 ) + 1
𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

𝜕𝜕𝑉𝑉𝜙𝜙
𝜕𝜕𝜕𝜕

) 

 

3. [15 points] Prove the uniqueness theorem: The solution to Laplace’s equation in some volume 

V is uniquely determined if V is specified on the boundary surface S.  

 

4. [10 points] A point charge q is situated a distance a from the center of a grounded conducting 

sphere of radius R (Fig. 1). Find the potential outside the sphere.  

 

 

Fig. 1 
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Classical Electrodynamics (part II, 50 points) 

 

1. (a) The physical meaning of continuity equation ∇⃑⃑ ∙ 𝐽 +
𝜕𝜌

𝜕𝑡
= 0 . (3%) (b) Does 

Ampere law ∇⃑⃑ × 𝐵⃑ = 𝜇0𝐽  satisfy continuity equation? (5%) 

 

2. A long coaxial cable carriers current I (the current flows down the surface of the inner 

cylinder, radius a, and back along the outer cylinder, radius b) as shown in below Figure. 

(a) Find the magnetic field 𝐵⃑   between the cylinders. (6%) (b) Find the magnetic 

energy W stored in the section of length l. (6%) 

 

Hint: Ampere’s law ∇⃑⃑ × 𝐵⃑ = 𝜇0𝐽 , ∮ 𝐵⃑ ∙ 𝑑𝑙 =𝜇0𝐼 

Hint: Energy in magnetic field 𝑊 =
1

2𝜇0
∫𝐵2𝑑𝜏 (all space) 

 

3. A long circular cylinder of radius R carriers a magnetization 

𝑀⃑⃑ = 𝑘𝑠2𝜙̂, where k is a constant, s is the distance from the axis, 

and 𝜙̂  is the usual azimuthal unit vector. (a) Find the volume 

bound current 𝐽 𝑏 . (6%) (b) Find the surface bound current 𝐾⃑⃑ 𝑏 . 

(6%) (c) Find the total current I. (6%) (d) Find the magnetic field 

𝐵⃑  inside the cylinder. (6%) (e) Find the magnetic field 𝐵⃑  outside 

the cylinder. (6%) 

Hint:  

volume bound current 𝐽 𝑏 = ∇⃑⃑ × 𝑀⃑⃑  

surface bound current 𝐾⃑⃑ 𝑏 = M⃑⃑⃑ × 𝑛⃑  

total current I = ∫ 𝐽 ∙ 𝑑𝑎 , where 𝐽 = 𝐽 𝑏 + 𝐾⃑⃑ 𝑏, and 𝑑𝑎 = 𝑠𝑑𝑠𝑑𝜙𝑧̂ 





Classical Electrodynamics Part I (50 points) 

 
Useful relations: 

𝑟̂𝑟 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥𝑥� + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑦𝑦� + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧  

𝜃𝜃� = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥� + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦� − 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧  
𝜙𝜙� =  − sin𝜙𝜙 𝑥𝑥� + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦� 

�
√𝑥𝑥

√𝑑𝑑 − 𝑥𝑥

0

𝑑𝑑
𝑑𝑑𝑑𝑑 = −𝑑𝑑

𝜋𝜋
2

 

 

∇ ⋅ 𝑉𝑉�⃗ =
1
𝑟𝑟2

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟2𝑉𝑉𝑟𝑟) +
1

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑉𝑉𝜃𝜃 ) 

      + 1
𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

𝜕𝜕𝑉𝑉𝜙𝜙
𝜕𝜕𝜕𝜕

 

 

 

1. [15 points] The potential generated by a dipole 𝑝⃗𝑝 is given as 

𝑉𝑉𝑑𝑑𝑑𝑑𝑑𝑑(𝑟𝑟, 𝜃𝜃) =
𝑝⃗𝑝 ⋅ 𝑟̂𝑟

4𝜋𝜋𝜖𝜖0 𝑟𝑟2
. 

Derive the electric field 𝐸𝐸�⃗  and write it in coordinate-free form. 
 

 

2. [15 points] A point charge q of mass m is released from a rest at a distance d from an infinite 

grounded conducting plane. How long will it take for the charge to hit the plane? 

 

 

3. [20 points] The electric potential of some configuration is given as: 

𝑉𝑉(𝑟𝑟) = 𝐴𝐴
exp[−𝜆𝜆 𝑟𝑟]

𝑟𝑟
, 

where A and 𝜆𝜆 are constants. Find the electric field 𝐸𝐸�⃗ (𝑟𝑟), the charge density 𝜌𝜌(𝑟𝑟), and the total 
charge Q.  

 



Classical Electrodynamics

Part II (50 points)

1. The Biot-Savart law reads

dB =
µ0

4π

Id~̀× r
|r|3

, (1)

where µ0 is the free-space permeability.

a. (5 points) Explain Eq. (1) briefly with a proper sketch.
b. (7 points) Consider a point charge Q moving at velocity v, as sketched in Fig. 1(a). Find the magnetic field B at

an arbitrary point P located at r relative to the point charge, using the Biot-Savart law (1). Express your result
in terms of the speed of light in vacuum, c = 1/

√
µ0ε0, where ε0 is the free-space permittivity, the electrostatic

field E due to the point charge Q, and the velocity v.
c. (8 points) Two point charges Q1 and Q2 move side by side at the same velocity in vacuum, as sketched in Fig.

1(b). Apply the result found in 1b to find the magnitude of the force between Q1 and Q2.

2. Consider a current density function J in free space; see Fig. 1(c). Complete the following tasks. Note that “primed”
and “unprimed” coordinates and differential operators should be clearly and carefully distinguished.

a. (4 points) Show that the magnetic field at position r due to J can be written as

B(r) =
µ0

4π

∫
J(r′)× r− r′

|r− r′|3
d3r′ , (2)

based on the Biot-Savart law (1).
b. (3 points) Prove

r− r′

|r− r′|3
=−~∇ 1

|r− r′|
and use it to show that Eq. (2) can be rewritten as

B(r) =
µ0

4π

~∇×
∫ J(r′)
|r− r′|

d3r′ . (3)

c. (3 points) Show that Eq. (3) is divergenceless, i.e., ~∇ ·B = 0.
d. (11 points) Calculate ~∇×B based on Eq. (3). Hint: There should be two terms left. Furthermore, the following

identities may be directly used:

~∇
1

|r− r′|
=−~∇′ 1

|r− r′|
∇

2 1
|r− r′|

=−4πδ (r− r′)

e. (3 points) Write down the equation of continuity, and explain it briefly.
f. (2 points) Apply the equation of continuity at steady-state to the result of 2d.
g. (4 points) Use the result of 2f to derive Ampère’s law.

Q
v

r

P

(a)

Q1

v

Q2

v

r

(b)

J

"
d3r′

r′

O r

(c)

Figure 1: Sketches for (a) problem 1b, (b) problem 1c, and (c) problem 2a.



Qualifying Exam: Electrodynamics

Part 3: 50%

1. [20%] An electric field of an electromagnetic wave in free space has the following form:

E(r, t) = 10(êx + 2êy + Exêz) cos(ωt+ 3x− y − z) (V/m)

(a) [10%] Determine the direction of propagation and the values Ex and ω.

(b) [10%] What is the time-average energy flow?

2. [10%] A plane wave in free space propagating in the +z direction is

E = êx100 sin(ωt− kz) + êy200 cos(ωt− kz) (V/m)

The wave is incident on an infinite conducting xy plane at z = 0. What is the reflected

wave Er?

3. [10%] Let θi be the angle of incidence of a wave from a medium with index of refraction

n to a medium with n′. For the polarization of the wave perpendicular to the plane of

incidence, the reflection coefficient R reads:

R =

∣

∣

∣

∣

∣

n cos θi − n′

√

1− (n/n′)2 sin2 θi

n cos θi + n′

√

1− (n/n′)2 sin2 θi

∣

∣

∣

∣

∣

2

,

while for polarization parallel to the plane of incidence, the coefficient reads:

R =

∣

∣

∣

∣

∣

n′ cos θi − n
√

1− (n/n′)2 sin2 θi

n′ cos θi + n
√

1− (n/n′)2 sin2 θi

∣

∣

∣

∣

∣

2

.

(a) [5%] Determine Brewster’s angle θB for a total transmission of wave energy.

(b) [5%] Determine critical angle θC for a total internal reflection.

4. [10%] Let φ(r, t) be a scalar potential and A(r, t) a vector potential.

(a) [5%] Write down the electric field E(r, t) and magnetic fields B(r, t) in terms of

φ(r, t) and A(r, t).

(b) [5%] Write down the gauge transformation for φ(r, t) −→ φ′(r, t) and A(r, t) −→

A
′(r, t).





















Part III: (50 points)

(1) Electrons oscillate inside plasma under the static magnetic induction B⃗s = B0ẑ and a

plane EM wave, E⃗(t, x⃗) = E0(x̂ ± iŷ)e−iωt+ik⃗·x⃗. Assume that the wave length of the
EM wave is much smaller than a given electron’s oscillation. You might use following
notations (but unnecessarily use each of them) for completing questions: m: electron
mass; e: absolute value of electron charge; ω0: intrinsic angular frequency; γ: damping
constant; N : number per volume.

(a) Write down the equation of motion (5pts).

(b) Find a steady-state solution which means “ignoring homogeneous solutions” (10pts).

(c) Compute the polarization (5pts).

(d) Obtain permittivity (2pts).

(e) Is this medium isotropic (1pt)? Give reasons for your answer (2pts).

(2) A localized electric charge distribution produces an electrostatic field, E⃗ = −∇⃗Φ. In

this region, it also exists a small localized time-independent current density J⃗(x⃗), which

generates a magnetic field H⃗.

(a) Show that the momentum of these EM fields, P⃗ ≡
∫
d3x[D⃗×B⃗], can be transformed

to P⃗ = 1
c2

∫
d3xΦJ⃗ by dropping the surface term (5pts).

• NB: ϵijk( ∂
∂xjA)Bk = ϵijk ∂

∂xj [AB
k]− ϵijkA ∂

∂xjB
k

(b) Justify in which situation you can ignore the surface term in part (a) (2pts).

(c) Assuming that the current distribution is localized to a region small compared to

the scale of the variation of the electric field, that is, using Φ = Φ0 − E⃗0 · x⃗. Show
P⃗ = 1

c2
E⃗0 × m⃗, where m⃗ is a magnetic dipole moment (8pts).

• NB1: localized source =⇒
∫
d3xJ i(x⃗) = 0,

∫
d3x[xkJℓ(x⃗) + xℓJk(x⃗)] = 0

• NB2: ϵijkϵkℓm = δiℓδjm − δimδjℓ

(d) Suppose the current distribution is placed instead in a uniform electric field E⃗0 (fill-
ing all space). Show that the result in (c) is changed by a surface integral contribution,

yielding to P⃗ = 2
3c2

E⃗0 × m⃗ (10pts).

• NB:
∫
dΩ r̂i = 0,

∫
dΩ r̂ir̂j = 4π

3 δij



 
Electrodynamics (Part I: Electrostatics 50 points). 

 
1. (a) From the Green’s theorem (Green’s second identity):  

        







V

s
da

nn
xd ][)( 322  , 

where   and   are arbitrary scalar fields, show that the solution of a Dirichlet 
boundary-value problem is: 

 



S

D

V Df da
n

G
rdrrGrr '

'
)'(

4
1')',()'(

4
1)(

0







. 

To do so, what are the required conditions to choose a suitable Green’s function 
GD? (8 points)  
 
(b) As shown in Fig. 1, the conducting hemi-spherical 
shell of radius a and the infinite conducting plane are 
grounded. A point charge q (q>0) is placed on the z axis 
and the distance from the charge to the center of the 
hemi sphere is D. 
 
(i) Find the positions and magnitudes of all image charges. (6 points)  
(ii)Write down the appropriate Green function  ', rrG

  for Dirichlet boundary 
value problems in the region z>0 and r>a. (5 points) 

  
2. As shown in Fig. 2, the surface charge density on a thin 

spherical shell with radius b is f’fcos2’. Find the 
electric potential inside (r<b) and outside (r>b) the spherical 
shell. (15 points) 

Legendre polynomials: Po(x) = 1; P1(x) = x;  

P2(x) = (3x2 – 1)/2; P3(x) = (5x3 – 3x)/2; …                                              

 
3. As shown in Fig. 3, charge Q was uniformly distributed on a 

spherical conductor surface (radius a). The conductor was 
surrounded by a dielectric shell of inner radius a and outer 
radius b. The electric permittivity of the linear dielectric is  

(a) Find the electric fields E


 at b>r>a and r>b. (6 points) 
(b) Find the polarization surface bound charges at r=a and r=b. (4 points) 
(c) Find the electric force per unit volume on the dielectric (Express your answer 

by using the position vector from the sphere center: r
 ). (6 points) 

 

O 

q 

a 

z 

D 

Fig. 1 

f’

Fig. 2 

z 

b 

’ 

Fig. 3 

a b 
+ 

+ 
+ 

+ 
+ 

Q 





Part II: Magneto‐statics (50 points) 

1. 

 

 

2. 

 
 



Part III: Electromagnetic Waves (50 points)

(1) Use the Lorentz force law and Maxwell equations to work out the dimension
of the following quantities in terms of charge q, mass m, length ℓ and time t:
(a) electric displacement D⃗, (b) current density J⃗ , (c) magnetic field H⃗,

(d) electric field E⃗, (e) magnetic induction B⃗, (f) poynting vector S⃗,

(g) electromagnetic momentum D⃗ × B⃗, (h) Maxwell tress tensor Mij .
(2) Use the Lorentz force law and four Maxwell equations to point out

(a) how the quantities in (1) change under parity transformation x⃗ → x⃗′ = −x⃗;
(b)and how they change under time reversal t → t′ = −t.

(3) Use spatial rotation, parity and time reversal (a) to pick up allowed terms of

the following model for polarization ( c1, c2 are scalars; αij , βijk, γijk etc.
are tensors ):
1
ϵ0
P i = αijEj + βijkEjEk + γijkEjBk + δijkBjBk + c1(E⃗ × ˙⃗

B)i + c2(
¨⃗
E × B⃗)i .

(b) For the allowed terms, what are generic expressions for these tensors?

(4) (a) Obtain the 2nd order differential equation for magnetic induction B⃗(t, x⃗)

in medium with permeability µ and permittivity ϵ from ∇⃗ × H⃗ = J⃗ +
˙⃗
D and

∇⃗ × E⃗ +
˙⃗
B = 0 (assume medium is linear, isotropic and homogeneous).

(b) Show the sources, ρ(t, x⃗) = −θ(t) p⃗ · ∇⃗δ3(x⃗) and J⃗(t, x⃗) = p⃗ δ(t)δ3(x⃗), satisfy
current conservation. (c) Compute the magnetic induction with the sources

identified in (b) using retarded Green’s function
δ(t−t′−1

c ||x⃗−x⃗′||)
||x⃗−x⃗′||

.





Electrodynamics, Part I                       Qualifying Exam, March 24, 2017 

 

1. (10 Points) Assuming that the electric field intensity E(x,y,z) = 10xi +10yj +10 k (V/m), find the 

total electric charge contained inside a cubical volume of 20 cm on a side centered symmetrically at 

the origin. 

  

 

2. (15 Points) A point charge q is embedded at the center of a sphere of linear dielectric material 

(electric permittivity ε and radius a). (a) Find the electric displacement D, the electric field E, and 

the polarization P inside the sphere. (b) What is the polarization surface charge density? 

 

 

3. (10 Points) An electric dipole p with a magnitude of 2×10-27 C-m is initially located at an origin 

along the z-axis. (a) Determine the rotational torque on this dipole when an electric field                  

E = 5x + 10y (V/m) is applied. (b) How much energy changes if p finally points to the direction of 

E? 

 

4. (15 Points) A sphere with the dotted region of radius 2a has a uniform charge density ρo while the 

uniform charge density inside the small spherical part of radius a is 2ρo. Find the magnitude and 

direction of E field at the position P(a, a/2, 0).  

 
 
 
 
 
 
 
 
 
 

 

 

 

P 

x 

y 

2a 



Part Ⅱ (50 points) 

 
(1) A dielectric sphere of radius R with dielectric constant ε/ε0 placed in an initially 
uniform electric field, which at large distances from the sphere is directed along the z 
axis and has magnitude of E0, as shown below. Both inside and outside there are no 
free charges.   
(a) Find the electric potential and electric field everywhere. (15 points) 
(b) Calculate the induced polarization and surface charge density of the dielectric 
sphere. (10 points) 

 
(2) A long cylindrical conductor (of radius a) has an off-center cylindrical hole (of 
radius a/2) down its full length, as shown in the following figure. If a current I flows 
through the conductor into the page, show that  
(a) The volume current density flow through the conductor is  

 (5 points) 

(b) the strength and direction of the magnetic field in point A is  

 (10 points) 
(c) the strength and direction of the magnetic field in point B is  

 (10 points) 
(hint: using superposition principle and Ampere’s law) 

 



Part Ⅲ (50 points) 

 
(1) By using the Maxwell equations, the wave equations for the fields with given 
charge (ρ) and current (J) densities are described by (10 points) 

∇2𝐄 − 1
c2

∂2𝐄
∂t2

 = −1
ϵ0

(−𝛁ρ − 1
C2

∂𝐉
∂t

) 

∇2𝐁 − 1
c2

∂2𝐁
∂t2

=−𝜇0𝛁 ×J 

The electromagnetic fields for the above equations are (10 points) 

E(x,t)= 1
4πϵ0

∫d3 x′ � R
R3

[ρ(𝐱′, t′)]ret + 𝐑
cR2

�∂ρ(𝐱′,t′)
∂t′

�
ret

− 1
cR2

�∂𝐉(𝐱
′,t′)

∂t′
�
ret
� 

and 

B(x,t)=µ0
4π ∫d3 x′ �[J(𝐱′, t′)]ret × 𝐑

R3
+ �∂𝐉(𝐱

′,t′)
∂t′

�
ret

× 𝐑
cR2
� 

where R=𝐱 − 𝐱′ and R=|𝐱 − 𝐱′|. 
 
(2) The frequency-dependent dielectric constant ϵ(ω)/𝜖0 is an analytic function 
of ω in the upper half − plane. Show that its real and imaginary parts satisfy the 
Kramers-Kronig relations (15 points). 
 
(3) We consider the propagation of TM waves in a rectangular waveguide with 
length a and width b, as shown in Fig. 1. The metallic waveguide is filled with 
dielectric constant ϵ and permeability µ. Calculate the electromagnetic fields, 
the cutoff frequency, and the field energy per unit length (15 points). 
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Fig. 1 
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